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Abstract: In this paper, we present the greatest values a, A and p, and 
the least values (3, /i and q such that the double inequalities aD{a,b) + 
(1 - a)H{a,b) < T{a,b) < (3D{a,b) + (1 - (3)H{a,b), XD{a,b) + (1 - 
X)H{a,b) < C{a,b) < fiD{a,b) + {l-fi)H{a,b) and pD (a, b) + {l-p)H (a, b) < 
Q{a,b) < qD{a,b) -f (1 — q)H{a,b) hold for all a,b > with a ^ b, where 
H {a,b) = 2ab /{a + b), T{a,b) = (a - 6)/[2 arctan((a - 6)/(a + 6))], Q{a,b) = 
v/(a2 + 62)/2, C(a, b) = (a^ + b^)/{a + b) and D(a, b) = (a^ + b'^)/{a'' + b^) 
are the harmonic, Seiffert, quadratic, first contraharmonic and second con- 
traharmonic means of a and 6, respectively. 
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1 Introduction 

For a, 6 > with a ^ b the harmonic mean H{a,b), Seiffert mean 
T{a,b), quadratic mean Q{a,b), first contraharmonic mean C{a,b) and sec- 
ond contraharmonic mean D{a,b) are defined by H{a,b) = 2ab/{a + b), 
T{a,b) = (a-6)/[2arctan((a-6)/(a + 6))], Q(a,6) = ^{a^ + b'^)/2, C{a,b) = 
(a^ + b'^)/{a + b) and D{a,b) = {a^ + 6^)/(a^ + 6^), respectively. Recently, 
the harmonic, Seiffert, quadratic, first contraharmonic and second contra- 
harmonic means have attracted the attention of many mathematicians. In 
particular, many remarkable inequalities for these means can be found in the 



literature [1-28]. Let G{a. h) = \fah^ L(a,b) = (a — 6)/(log a — log 6), I(a. b) = 
l/e(6Va")^/(''-'^), A{a,b) = (a + 6)/2, and Mp{a,b) = [(a^ + 6?')/2]^/J'(p 0) 
and Mo(a, b) = y/ab be the geometric, logarithmic, identric, arithmetic and 
p-th powers means of a and b, respectively. Then it is well known that the 
inequalities 

H{a,b) = M_i(a,6) < G{a,b) = Mo{a,b) < L{a,b) < I{a,b) 
< A{a, b) = Mi{a, b) < T{a, b) < Q{a, b) = M2{a, b) < C{a, b) < D{a, b) 

hold for all a, 6 > with a ^ b. 

For all a, 6 > with a ^ b Sciffcrt [29] established the double in- 
equality A(a,6) < T{a,b) < Q{a,b). Hasto [30] proved that the function 
T(l,x)/Mp{l,x) is increasing in [l,oo) if p < 1. Chu et al. [31] gave the 
greatest values a and A, and the least values /3 and // such that the double 
inequalities aQ{a, b) + {1 — a)A{a, b) < T{a, b) < f3Q{a, 6) + (1 — /3)A{a, b) 
and Q^{a,b)A^-\a,b) < T{a,b) < Qf'{a,b)A^-f'{a,b) hold for all a,b > 
with a b. 

For cti, 0:2, /3i, /32 G (0,1/2), Chu et al. [32, 33] proved that the double 
inequalities 

Q{aia+{l-ai)b, aib+{l-ai)a) < T{a,b) < Q{f3ia+{l-f3i)b, /3ib+{l-/3i)a) 
and 

C(o;2a+(l-o;2)6,o;26+(l-o;2)a) < T{a,b) < C{p2a+{l-^2)b, p2b+{'^-p2)a) 

hold for all a,b > with a 6 if and only if ai < (1 + y/W/n^ - l)/2, 
A > (3 + v^)/6, q;2 < (1 + - l)/2 and /^a > (3 + VS)/6. 

In [34] Neuman proved that the double inequalities 

aQ{a, 6) + (1 - a)A{a, b) < NS{a, b) < /3Q{a, b) + {1 - (3)A{a, b) 

and 

AC(a, b) + {l- X)A{a, b) < NS{a, b) < nC{a, b) + {1 - n)A{a, b) 

hold for all a,b > with a 6 if and only if a < [1 - log(l + v^)]/[(v^ - 
1) log(l + x/2)] = 0.3249 • • • , ^ > 1/3, A < [1 - log(l + v^)]/ log(l + V2) = 
0.1345 • • • and /3 > 1/6, where 



It is the aim of this paper to present the greatest values a, A and p, and 
the least values (3, /i and q such that the double inequalities 

aD{a, b) + (1 - a)H{a, b) < T{a, h) < /3D{a, 6) + (1 - /3)H{a, b) 

XD{a, b) + {l- X)H{a, b) < C{a, b) < ^xD{a, &) + (!- ^J)H{a, b) 

and 

pD{a, &) + (!- p)H{a, b) < Q{a, b) < qD{a, &) + (!- q)H{a, b) 
hold for all a, 6 > with a^b. 

2 Lemmas 

In order to prove our main results we need several lemmas, which we 
present in this section. 

Lemma 2.1. Let = (tt^ - tt - - 27r(5 - 7r)i^ - 37r(5 - 7r)i^ - 

4(57r - TT^ - 2)t^ - 37r(5 - Tx)t^ - 27r(5 - T\)t + (tt^ - tt - 4). Then there exists 
Ao > 1 such that < for t e [1, Aq) and > for i e (Aq, +oo). 

ProoL Simple computations lead to 

= -87r(9 - 27r) < 0, lim h{t) = +oo, (2.1) 

t— >-+oo 

fi{t) = 6{n^ - TT - 4)f^ - 107r(5 - n)t^ - 127r(5 - 7r)t3 
-12(57r - TT^ - 2)^2 - 67r(5 - Ti)t - 27r(5 - tt), 

/i'(l) = -247r(9 - 27r) < 0, lim fi{t) = +oo, (2.2) 

t—^+oo 

f^"{t) = 30(7r2-7r-4)t^-407r(5-7r)t3-367r(5-7r)t2-24(57r-7r=^-2)t-67r(5-7r). 

/i"(l) = -8(707r + 9 - 177r2) < 0, lim //'(i) = +oo, (2.3) 

/i'"(i) = 120(7r^ - TT - 4)^=^ - 1207r(5 - 7r)i^ - 727r(5 - 7r)t - 24(57r - tt^ - 2), 
//"(I) = -48(257r + 9-77r2) < 0, lim //"(i) = +oo, (2.4) 

= 360(7r2 - TT - 4)^2 - 2407r(5 - 7r)i - 727r(5 - tt), 
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= -96(207r + 15 - Ttt^) < 0, lim fi^'^\t) = +00, (2.5) 

t— >oo 

fi^^\t) =720(7r2 - TT - 4)t - 2407r(5 - tt) > 720(77^ - tt - 4) - 2407r(5 - tt) 
=960(7r+l)(7r-3) > (2.6) 

for t > 1. 

Inequality (2.6) implies that fi^^\t) is strictly increasing in [1, +cxd). Then 
from (2.5) we clearly see that there exists Ai > 1 such that fi^*\t) < 
for t e [l,Ai) and fi^^\t) > for t e (Ai,+oo). Hence //"(t) is strictly 
decreasing in [1, Ai] and strictly increasing in [Ai, +00). 

It follows from (2.4) and the piecewise monotonicity of fi"{t) that there 
exists A2 > Ai > 1 such that fi"{t) is strictly decreasing in [1, A2] and strictly 
increasing in [A2,+C)o). 

From (2.3) and the piecewise monotonicity of fi"{t) we clearly see that 
there exists A3 > A2 > 1 such that fi{t) is strictly decreasing in [1, A3] and 
strictly increasing in [A3, +00). 

The piecewise monotonicity of f'{t) and (2.2) lead to the conclusion that 
there exists A4 > A3 > 1 such that fi{t) is strictly decreasing in [1,A4] and 
strictly increasing in [A4, +00). 

Therefore, Lemma 2.1 follows from (2.1) and the piecewise monotonicity 
oifiit). 

Lemma 2.2. Let c e (0, 1), i > 1 and 

— 1 /t — 1\ 
fc{t) = 77^ 77^ ^ 2 arctan . (2.7) 

Then f4/g{t) > and /2/^(t) < for alH > 1. 
Proof. From (2.7) one has 

/c(l) = 0, (2.8) 

lim m = --^, (2.9) 

t-j-+oo C 2 

f '(f) = ^^(^^ (2 10) 

^ ' (t2 + l)[ct4 + (2 - c)t3 + (2 - C)t + C]2' ^ ^ ^ 

where 

g^it) =(2 - 2c^ - c)f - 4c(2 - c)f + 2c(2 - c)f + AcH^ - 2{Ac^ - 5c + 2)t^ 
+ 4cV + 2c(2 - c)t^ - 4c(2 - c)i + 2 - 2c^ - c. (2.11) 
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We divide the proof into two cases. 
Case 1 c = 4/9. Then (2.11) becomes 

^4/9(t) = J-(47t® - 112t^ + 56t^ + 32t^ - 46t^ + 32^^ + 56t^ - 1121 + 47) 
81 

=—{t- 1)^(47^^ + 76^=^ + m'^ + m + 47) > (2.12) 
81 

for t > 1. 

Therefore, f\/<j{t) > for t > 1 follows easily from (2.8) and (2.10) 
together with (2.12). 

Case 2 c = 2/7r. Then (2.9) and (2.11) lead to 

hm /c(i)= lim /2/.(i) = 0, (2.13) 



92/At) =^[{7^^ - VT - 4)f - 8(7r - l)t^ + 4(7r - l)f + 8t^ - 2(7i^ - Stt + 8)t^ 
+ 8t^ + 4(7r - 1)^2 - 8(7r - l)i + tt^ - tt - 4] 

-^-^^m, (2.14) 

where /i(t) is defined as in Lemma 2.1. 

From (2.1) and (2.14) together with Lemma 2.1 we clearly see that f^/irit) 
is strictly decreasing in [1, Aq] and strictly increasing in [Aq, +oo). 

Therefore, f2/n{t) < for t > 1 follows from (2.8) and (2.13) together 
with the piecewise monotonicity of /2/7r(^)- 

Lemma 2.3. Let t > 1 and 

... {t' + mt+i)VWTT-2V2t] 

Then g{t) is strictly increasing from (l,oo) onto {V2/2, 1). 
Proof. Prom (2.15) we get 

= 1™ = (2-16) 
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Let t — tanx, u — sinx + cosx. Then x e (7r/4, 7r/2), u e (1, ^/2) and 
(2.15) becomes 

. , sin X + cos X — y/2 sin(2a;) 

git) - 



(l + sin(2a;)/2)(l-sin(2a;)) 

sin X + cos X — v^[(sin x + cos x)^ — 1] 
{1 + [(sinx + cosx)^ — l]/2}[2 — (sinx + cosx)^] 
2{u - + v^) 



h{u). (2.17) 



-1*4 + ^2 + 2 
Equation (2.17) leads to 

-4^2^^ + + 872^3 _ _ 12^^ + 4 



/i'(ii) 



-^4 + ^2 + 2)2 

-4y2(M - ^f2f ( o 5^2 2 V2\ ^ 

^ ' 'M^ + ^ii^ + ii--^ <0. (2.18) 



-m4 + «2 + 2)2 I '4 4 



Note that x — >■ sinx + cosx is strictly decreasing from (7r/4, 7r/2) onto 
(1, ^f2). Therefore, Lemma 2.3 follows easily from (2.16)-(2.18). 

3 Main Results 



Theorem 3.1. The double inequality 

aD{a, 6) + (1 - a)E{a, h) < T{a, b) < /3D{a, b) + {1 - /3)H{a, b) (3.1) 

holds for all a, 6 > with a 7^ 6 if and only if a < 4/9 and ^ > 2/7r. 

Proof. Since H{a,b), T{a,b) and D{a,b) are symmetric and homoge- 
neous of degree 1. Without loss of generality, we assume that a > b. Let 
t — a/b > 1 and c e (0, 1). Then simple computations lead to 



T{a,b)- H{a,b) _ (t^ + 1) (t^ - 4t arctan (^) - l) 
D{a, b) - H{a, b) ~ 2{t - iy{t^ + t+l) arctan (g) 



(3.2) 



^.^ (t^ + 1) (t^-4t arctan (f^)-l) ^4 
t™+ 2(i- 1)2(^2 + i + i)arctan(|^) 9' ^ ' ^ 
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(t^ + 1) (t'^ - At arctan (^) - l) 2 

lim — ^*+^^ L ^ _ (-34) 

t-,+00 2(i- 1)2(^2 + ^ + 1) arctan tt' ^'^ 

r(a, 6) - [cD{a, b) + {1 - c)H{a, b)] 
_ At + l)it' + l) + 2{l-c)t{t' + l) 
~ 2(i + l)(i2 + l) arctan (1^) ^ ' 

where /c(t) is defined as in Lemma 2.2. 

Therefore, inequahty W{a,b)/9 + 5H{a,b)/9 < T{a,b) < 2D{a,b)/TT + 
(1 — 2/n)H{a,b) holds for all a, 6 > with a ^ b follows from (3.5) and 
Lemma 2.2. 

Next, we prove that a = 4/9 and (5 = 2/ti are the best possible parameters 
such that inequality (3.1) holds for all a, 6 > with a ^ b. 

If q; > 4/9, then from (3.2) and (3.3) we know that there exists S > such 
that T(a, b) < aD{a, 6) + (1 - a)H{a, b) for all a, 6 > with a/b G (1, 1 + 5). 

If /3 < 2/7r, then (3.2) and (3.3) lead to the conclusion that there exists 
To > 1 such that T(a, 6) > /3L'(a, b) + [l - /3)H{a, b) for all a, 6 > with 
a/b e (To, 00). 

Theorem 3.2. The double inequality 

pD{a, b) + {l- p)H{a, b) < Q{a, b) < qD{a, &) + (1 - q)H{a, b) 

holds for all a, 6 > with a 7^ 6 if and only if p < 1/2 and q > \/2/2. 

Proof. Since H{a,b), Q{a,b) and D{a,b) are symmetric and homoge- 
neous of degree 1. Without loss of generality, we assume that a > b. Let 
t — a/b > 1, then 

Q{a,b) - H{a,b) ^ {t^ + l)[{t + 1)VWTT - 2V2t] ^ V2 
D{a,b)-H{a,b) ^2(^2 + t + l)(t - 1)2 2^^^' 

where g(t) is defined as in Lemma 2.3. 

Therefore, Theorem 3.2 follows directly from (3.6) and Lemma 2.3. 

Theorem 3.3. The double inequality 

XD{a, b) + {l- \)H{a, b) < C{a, b) < iiD{a, b) + {I - fx)H{a, b) 
holds for all a, 6 > with a ^b ii and only if A < 2/3 and > 1. 
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Proof. Since H{a,b), C{a,b) and D{a,b) are symmetric and homoge- 
neous of degree 1. Without loss of gcnerahty, we assume that a > b. Let 
t = a/b > 1, then simple computations lead to 

C(a, b) - H{a, b) ^ t' + l 

D{a,b) - H{a,b) f' + t + V ^ ' ' 

-I- 1 2 

hm ' ^ = -. (3.8) 
t'^ + 1 

lim = 1. (3.9) 

Note that the function t — )■ {t'^ + 1) / (t'^ + t + 1) is strictly increasing in 
[1, oo). Therefore, Theorem 3.3 follows from (3.7)-(3.9) and the monotonicity 
of the function t ^ {t^ + l)/{t'^ + t + 1). 
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